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Introduction

This document is a compilation of worksheets I have created for use in a first semester calculus course. My
course met five days a week for 50 minutes per class. The weekly routine was (roughly) worksheet, lecture,
computer lab, worksheet, lecture. That is, the worksheets were separated by class periods during which I
lectured. Below, if a worksheet seems to be assuming knowledge of content which has not been covered by
previous worksheets, it is likely that this content was covered in lecture. Also, each worksheet reference
sections of a textbook. For my class, we used “Worldwide Integral Calculus with infinite series” by David
B. Massey and published by Worldwide Center of Mathematics, and all section references below are to this
textbook. Of course, these worksheets can be useful in this study of calculus in the absence of this, or any,
textbook.

This document is published with a Creative Commons 4.0 license. You are free to reproduce and alter
this document provided attribution is given to the original author and that any derivative works are given
the same or similar license.

If you notice any typos or other errors, or are interested in my I4TEX code, please send me an email:
wkronholm@whittier.edu. I would also appreciate hearing from instructors who use these materials in their
courses.


mailto:wkronholm@whittier.edu
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Chapter 1

Anti-c

erivatives




1.1 Anti-derivatives

This worksheet discusses material from section 1.1 of your book.
We begin with some friendly review.

Exercise 1.1.1. Compute derivatives of each of the functions below.

(a) f(z) = sin(3z)

(b) g(t) = texp(t)

(©) his) = 17
. 2t —2241
@ i) = =

Exercise 1.1.2. Determine all points at which the function below is not differentiable.

exp(—z)—1 ifz < -2
flz) =< if —2<2<2
22 —3x+4 ifzx>2

Find a description for f’.
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d
A solution y = F(z) to the equation d—y = f(x) is called an anti-derivative of f.
x

Exercise 1.1.3. Find at least three solutions to each of the equations below.

(a) Z—i =2z
(1) W~ exp(a)
(c) % = 32? — sin(x) + % +5

(e) % =exp(—z) +1
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As you saw above, anti-derivatives are not unique. In fact, if F(z) is an anti-derivative of f(z), then so
is F(x) 4+ C for any constant C. In this case, we call F(z) + C the general anti-derivative of f. The
notation for the general anti-derivative of f is

/f(x)dx:F(I)JrC’

Exercise 1.1.4. Determine the following general anti-derivatives.

(a) /0 dx

(b) /1 do

(c) /;Ep dz, if p# —1.

(d) /afl dx

(e) / exp(z) dx

@®O

() /Sin(x) dx

(¢) [ cos(o) da

(h) /?lﬁ dx

o [

() /Sec(x) tan(z) dx



Exercise 1.1.5. Determine / |z| dz. Tt may help to recall that |z| can be considered as a piecewise defined

—x ifz<0
|lz| =
T

function:

ifx>0
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1.2 Integration by Parts

This worksheet discusses material corresponding roughly to section 1.1 of your textbook.
Recall the product rule for differentiation. Suppose u and v are functions of x. Then

i(uv) = d—uv + ud—v
dx T dx dz

Exercise 1.2.1. Rewrite the product rule for differentiation as a rule for anti-derivatives. You should have

two / ’s on one side of the equation.

dv
Exercise 1.2.2. Solve your previous equation for / ud— dx.
x

Exercise 1.2.3. Check that your equation is equivalent to the one below.

/udv:uv—/vdu
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The equation / u dv = uv — / v du is referred to as integration by parts. It gives us a technique for

finding anti-derivatives as shown in the example below.

Exercise 1.2.4. Consider the anti-derivative /xexp(x) dx.

(a) Let u=a and dv = exp(x)dz. Observe that the original anti-derivative is of the form / u dv.

(b) Determine du and v.

(c) Apply integration by parts. That is, plug u, v, du and dv into the equation /u dv =uv — /v du.

(d) Compute the remaining anti-derivative.
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Exercise 1.2.5. Use integration by parts to determine the following anti-derivatives.

(a) /xcos(:c) dx

(b) / 302 exp(z) da.
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(c) /2xexp(—21:) dx

(d) /\/Eln(x) dx

@®O



(e) /exp(x) sin(z) dx

() /ln(x) dx

@®O

10



() / 2 tan?(z) dz

(h) / arctan(z) dz

@®O
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1.3 A Note on Domains

We're used to seeing statements like | f(z) dz = F(z) + C, where C' is a constant. We really need to be
careful though when working with functions with disconnected domains.

1

Exercise 1.3.1. Consider the function f(z) = —.
x

(a) What is the domain of f?
(b) Sketch a graph of f.

1
(c) Check that F(z) = - is an anti-derivative for f. (i.e. Compute F’(x).)

(d) Let G be the piecewise defined function below.

1 N
—-+2 ifz<0
Glo) = {—1— if >0

Check that G is also an anti-derivative for f.

(e) Is G(x) = F(x) + C? That is, do the two anti-derivatives differ by a constant? Explain.

SID]E) 12



The issue with the previous example is that the domain of f is disconnected. That is, it is comprised
of two separate pieces: (00,0) and (0,00). When the domain of our function is disconnected, then the

“constant” of integration can be different on each connected component of the domain. So the general
anti-derivative needs to take this into account.

1

Exercise 1.3.2. Again, let f(z) = —.
x

(a) Check that F' given below is the general anti-derivative of f.

1 .
—=+4Cy ifz<0

Flz)=4¢ 7 .
*;‘FCQ ifx>0

(b) Sketch a graph of F.
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1
Exercise 1.3.3. Compute the general anti-derivative / — dx taking into account the disconnected domain
x

of the integrand.

3
Exercise 1.3.4. Compute the general anti-derivative / 5 dx taking into account the disconnected

z—3
domain of the integrand.

SID]E) 14



Exercise 1.3.5. Compute the general anti-derivative / sec?(m6) df taking into account the disconnected

domain of the integrand.

Exercise 1.3.6. Compute the general anti-derivative / sec(mf) df taking into account the disconnected

domain of the integrand.
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1.4 Partial Fraction Decomposition

Below, we will work on a technique which will allow us to find anti-derivatives for rational functions. The
technique is completely algebraic and is inspired by our ability to compute the anti-derivatives below with
ease.

Exercise 1.4.1. Compute the following anti-derivatives.

(a) /% dz

() /ﬁd:ﬁ
(€) /2m1—3dx

1
() /7(233 3 dx

1
(2) /m dx (Hint: Factor out a scalar.)
x

(h) / 2?% dz (Hint: This one is easier than the last one.)
x

&0 16



The idea is to take a given rational function and decompose it into pieces like the ones in the previous
exercise. The general process is outlined in the exercise below.
2z +1
Exercise 1.4.2. Let f(z) = ———.
1(@) 22 —3x + 2

(a) Factor the denominator.

(b) What is the degree of each factor of the denominator? That is, are they degree 1 polynomials? Degree
27 Degree 147

p(z)

degree less than the degree of the factor. It should be a polynomial with unknown coefficients, so it p
should be degree 1, write Az + B. If it’s degree 4, write Az* + Bz + Cz? + Dz + E, etc. Use new
labels for the coefficients for each of these new rational functions.

(c) For each factor, write a new rational function in the form where p(z) is a polynomial of one

2r+1 A n B
22 -3z +2 FACTOR#1 FACTOR#2’

(d) Now that you have the two pieces you need, write

(e) Multiply the denominator on the left to the right, and cancel factors on the right.

(f) Distribute on the right to get something of the form (SOME STUFF)z + (OTHER STUFF).

(g) Equate coefficients, and write down the system of equations. You should have two equations in the two
unknowns A & B.
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(h) Solve the system of equations.

2 1
(i) Now, use your work to compute /L dx.
22 —3x + 2

1
(x+1)(z—2)(z+3)

Exercise 1.4.3. Compute / dz. Follow the method in the previous exercise, but

use three terms instead of two.

&0 18



2x+ 3
(x—1)*

(a) Find A and B so that 22 +3 = A(z — 1) + B.

Exercise 1.4.4. Consider the function f(z) =

x+3 Az — 1) B

(b) Use your A and B to write e = @12 + @-1)

5 Simplify.

2z +3
(C) Compute /(CL‘—l)Q dx.
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Exercise 1.4.5. Compute/

&0

1

(224 1)(z — 3)?

dx.

20



Chapter 2

Sequences and Series
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2.1 Sequences

A sequence is a function a: Z>,, — R. That is, it is a function with domain the integers greater than some
given integer m (usually, m = 0 or m = 1) with codomain the real numbers. Perhaps more intuitively, a
sequence is a list of numbers. Instead of the usual functional notation a(n), we tend to write a, for the
value of the function a at the input n.

For example, if a,, = 3n — 4 for n > 4, then the sequence is the following:

8,11,14,17,20,...
Exercise 2.1.1. List the first five terms of the sequences below.

(a) an =n,n>0.

(b) by =—-2n—-1,n>2.

Exercise 2.1.2. Determine a closed form expression for the sequences below. That is, write each as
a, = something, n > m. (You get to choose m.) There are many (many!) correct expressions.

(a) 2,5,8,11,14, ...

(b) —3,6,—12,24, —48, ...

(d) -1,1,-1,1,-1,...

(e) 1,2,1,4,1,6,1,8,...
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For us, the most important feature of a sequence will be whether or not it converges, and, in the case
of convergence, what it converges to. The definition of convergence should look familiar:

A sequence a,, converges to the real number L if given and € > 0 there is an integer N so that whenever
n > N, |a, — L| < e. That is, if a, is always close to L when n is big, then a,, converges to L. We write
this in the usual way: nh—{jgc an = L. Otherwise, the sequence diverges.

If a,, is a sequence and for any M > 0 there is an integer N so that whenever n > N, a,, > M, then

we say a, diverges to infinity and write lim a, = oco. If a, is a sequence and for any M < 0 there is
n—oo

an integer N so that whenever n > N, a,, < M, then we say a,, diverges to negative infinity and write
lim a, = —oc.
n— 00

3n—4 3

F le, lim 3n —4 = oo and li '
or example, lim 3n oA e on+1 2

Exercise 2.1.3. For each of the sequences on the previous page, determine which converge and which do
not. In case of convergence, determine the limit. In case of divergence, determine which diverge to infinity,
which diverge to negative infinity, and which simply diverge.
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Exercise 2.1.4. Compute the limit as n goes to co of the sequences below. Most of the usual rules for
computing limits of functions apply in the context of sequences.

1
n = >1
(a) a o

—4
(mbn:?%zanzo

(e) e, =sin(mn)

SID]E) 24



Exercise 2.1.5. Give an example of a sequence a, and a continuous, non-zero function f so that the
sequence a,, diverges, but the sequence f(a,) converges. Show that both a, and f(a,) have the stated
properties.

Exercise 2.1.6. Create a sequence a,, so that 0 < a,, < 3 for all n, and a,, is increasing in the sense that
an < apyq for all n. Show that your sequence has the required properties. Does your sequence converge?

@®O 25



Exercise 2.1.7. Create a sequence a,, so that 1 < a,, < 4 for all n, and a,, is decreasing in the sense that
Gn > apy1 for all n. Show that your sequence has the required properties. Does your sequence converge?

Exercise 2.1.8. Create a sequence a, so that 2 < a,, < 3 for all n, and a,, diverges. Is a, increasing?
Decreasing?
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Exercise 2.1.9. Is it true that if a,, < b,, for all n, and b,, is convergent, then a,, is also convergent? If so,

explain why. If not, give an example to show this.

Exercise 2.1.10. Is it true that if a,, > b,, for all n, and b,, is divergent, then a,, is also divergent? If so,
explain why. If not, give an example to show this.
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2.2 Summations

Given a sequence ag, the summation of ay as k goes from m to n is denoted

n

Zakzam+am+1+--~+an

k=m

5
For example, Z E2=1+44+9416+25.
k=1

Exercise 2.2.1. Determine the summations below.

5
@ Y k

k=-2

3
(b) Y 2% +55—1
j=0

&0 28



Exercise 2.2.2. Combine the summations below into a single summation. Do not compute the sum.

25 25
S (k+1)(k—1)+3> k(k+1)
k=0 k=0

Exercise 2.2.3. Combine the summations below into a single summation. Do not compute the sum.

25 25

D+ 1)(k—=1)+3> §(G+1)

k=0 =0

Exercise 2.2.4. Combine the summations below into a single summation. Do not compute the sum.

25 25
D (k+1)(k—1)+3) k(k+1)
k=0 k=2
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Given a function f, the finite difference function Af is given by (Af)(k) = f(k) — f(k —1).
For example, if f(z) =2z + 1, then (Af)(3) = f(3) — f(2) =7 —5.

Exercise 2.2.5. Let f(z) = 22 — z + 1. Compute the following.
(a) Af(1)

(b) Af(2)

4
() Y Af(k)

k=1
Exercise 2.2.6. Compute the following.
(a) Ak

(b) Ak?

(c) AK?
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Exercise 2.2.7. Let f be a function.

3
(a) Expand the summation Z Af(k).
k=1

(b) Is there any simplification that occurs? If so, simplify.

10
(c) Without expanding, simplify: Z Af(k).
k=1

10
(d) Without expanding, simplify: »  Af(k).
k=3

(e) Without expanding, simplify: Z Af(k).
k=m+1

n
Summations of the form Z Af(k) are called telescoping sums, a throwback to the collapsible
k=m+1
telescopes of yore. These are some of the easiest summations to deal with, since we can determine the value
of the sum computing all of the terms of the sequence being summed.
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. That is, show that the right-hand side of the equation

Exercise 2.2.8. (a) Show that k = A {k(k—'_l)]

simplifies to k.

n
(b) Use the previous part to determine Z k.
k=1

(c) Show that k? = A w .

(d) Determine Z k2.
k=1

OO -



Recall that a sequence of the form a,, = b-r" where b and r are fixed real numbers is called a geometric
sequence.

k+1

! 1], provided r # 1.

Exercise 2.2.9. (a) Show that 7¥ = A [

(b) If r £ 1, compute Zbrk.
k=0

10

AN
¢) Compute 3(=) .
(c) p 30Q>

SIDE) 33



2.3 Geometric Series

Recall that a geometric sequence is a sequence of the form a,, = b-r", n > 0. A geometric series therefore
o0
is a series of the form Z bk

k=0
To determine the limit of a geometric series, we first will compute the partial sums.

oo n

Exercise 2.3.1. Consider the series ZT" where r is a fixed real number. Let s, = Zrk be the nth
k=0 k=0

partial sum.

(a) Expand the sum for s,. That is, write out all of the terms in the summation. (Make use of an ellipsis.)

Sp =

(b) Multiply your equation by 7.

TSy, =

(¢) Subtract your two equations.

(d) Solve your new equation for s,

(e) What assumption are you making about r?
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(f) Compute lim s,. For what values of = does this limit converge?
n—oo

oo
(g) For what values of r does Z r* converge? To what?
k=0

Exercise 2.3.2. Compute the following.

()Y (i)k

(b) D o

k=0

> (_1)k22k+2

(©) D

k=0
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Exercise 2.3.3. Consider the figure below. Assume the largest triangle has an area of 1 unit. To get
the second figure, the middle triangle is removed from the black triangle in the first figure. To get the
third figure, the middle triangle is removed from each black triangle in the second figure. This process is
repeated. The limiting figure is called the Sierpinski triangle.

b b op
AVA AN
AAAA LLALL H868

[Image source: wikimedia]

(a) Determine the area of white region.

(b) Determine the area of the black region.

SIDE) 36



Exercise 2.3.4. Consider the figure below. Assume the largest triangle has base and height of 1 unit.

[Image source: I made this one.]

(a) Determine the area of black region.

(b) Determine the area of the white region.
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Exercise 2.3.5. Consider the figure below. The limiting object is called the Koch snowflake.

AND A
A8

(a) Determine the area enclosed by the Koch snowflake.

[Image source: wikimedia]

(b) Determine the perimeter of the Koch snowflake.
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2.4 Tests for Series

Here is our first basic test for divergence of a series.

o0 (oo}
Theorem (Test for Divergence). If Z ay is a series for which lim ag # 0, then the series Z ay, diverges.
k=0 hree k=0

o0
Equivalently, if Z ay, converges, then lim ap = 0.
o k—o0

Exercise 2.4.1. Check that each of the series below diverges by applying the Test for Divergence.

G

(]
B
ik
—

ol
Il
-

(@) 3 In(i)

i=1
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The cautionary tale surrounding the Test for Divergence is that the converse is not true. That is, there
o0

are series E ar, which diverge even though klim ar, = 0. The standard example is the harmonic series.
—00
k=0

=1 1
Exercise 2.4.2. Let Z 7= =1 + + = 3 + --- be the harmonic series.

(a) Write out the partial sums s1, s2, S4, Ss, and s16. Do not simplify any of these sums.

1 1 1 1
(b) Which is bigger: 3 + 1 or 1 + Z? Don’t actually add these fractions to answer this question.

1 1 1 1 1 1 1 1
(c) Which is bigger: =+ =+ =+ < or =+ = + = + =? Don’t actually add these fractions to answer this

) 576 7 878878 "8
question.
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
d) Which is bigger: ~ + — + — 4 — 4~ 4+ o+ L L 11 1.1 2
(d) Which s blgger: g+ o+ T+ St gt a5t 6% 6 716 716 16 16 16 16 16

Don’t actually add these fractions to answer this question.

(e) Show that sgn > 1+ g

(f) Compute lim sgn.
n—0o0

1
(g) Conclude that Z z diverges to infinity.
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Exercise 2.4.3. Consider now the series 1 —1+1—-1+1—1+---.

(a) Have a discussion with your neighbor about whether or not the series converges.

o0
(b) Write the series in the form Z Q.
k=0

(¢) Compute lim ay.
k—o0

(d) What does the test for divergence tell you in this case?

() Does1—14+1—-14+1—1+--- converge?
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oo

(o) o0
Exercise 2.4.4. Construct two series Zak and Zbk so that each diverges, and also Z (ag + by) di-

k=1 k=1 k=1
verges.

o0 o0 o0
Exercise 2.4.5. Construct two series Z ay, and Z by so that each diverges, but Z (ag + by) converges.
k=1 k=1 k=1

o0 o0

Exercise 2.4.6. What happens in the case where both Z ar and Z by, converge? What if one converges
k=1 k=1

and the other diverges?
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1
Exercise 2.4.7. Consider the series E — where p > 1.
n

n=1

(a) Argue that the sequence of partial sums sy, is a monotonic increasing sequence. That is, that the partial
sums get bigger as k gets bigger.

21
(b) Consider the partial sum sop+1 = —

np’
n=1

k
1 1
(¢) Show that sgpi1 =1+ Z ((2
i=1

AR + i+ 1)p). (It may help to write out both sides for k =1,2,3 to

see what is happening here.

2
@iy

k
(d) Show that sori1 <1+
i=1
(e) Build on the previous step to show that sgpi1 < 1+ 2l=Pg, .
(f) Build on the previous step to show that sogp11 < 1+ 21 Pson i1

(g) Solve the previous inequality for sog41.

(h) Conclude that sj is a bounded sequence.

(i) Does si converge?
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2.5 Tests for Series
Exercise 2.5.1. For each series below, apply each of the following tests and state the results of the test.

e The Test for Divergence

e The p-series Test

e The Geometric Series Test
e The Limit Comparison Test

e The Ratio Test

If a particular test does not apply to your series, say so. For the Limit Comparison Test, try to choose
a “good” series to compare with.

o0

n—3
(&) Z712—&—371—7
n=1
= nd—5n?241
b A N
(b) ;6n7—4n4+23
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n=1

@®O

n342n
(n+ 1)45m
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Recall that if n is a positive integer, then n! =n(n—1)---3-2-1, (e.g. 4/ =4-3-2-1=24) and 0! = 1.

@ >
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Exercise 2.5.2. Compute the following limits. It will help to remember your tricks for computing limits
from differential calculus.

(a) lim {/n.

n— oo

: 1\"
@ g (1+7)
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Exercise 2.5.3. Determine the convergence or divergence of the series below.

() Yo

n=0
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2.6 Tests for Series

o0
A series is alternating if it can be written in the form Z(fl)”an where a,, > 0. If we expand the sum,
n=0
it looks like
o0
Z(_l)nan =ag—ay+az—az+---
n=0

and so the terms being added alternate between positive and negative.
Exercise 2.6.1. Determine which of the series below are alternating.

(_1)3n+2

() >~ (@ 3

ORI =
n=1

n

n=1

The nice thing about alternating series is that there is a simple test for convergence.

Theorem (Alternating Series Test). If Z(—l)”an is an alternating series for which |a,| > |a,+1| for all

n=0

oo
n and lim |ay,| = 0, then the seriesZ(fl)”an converges.
n—oo

n=0

Exercise 2.6.2. For each series in the previous exercise, decide if the Alternating Series Test applies. If it
does, apply it and state the results.
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Exercise 2.6.3. Determine for which values of p the series below converges and for which it diverges.

00 _1)
Z(J

n=1

o0 o0
Given an arbitrary series E an, if the series E |a,| converges, then we say the original series is

n=0 n=0
o0 o0
absolutely convergent. Absolutely convergent series are convergent. If Z a, converges but Z |an]
n=0 n=0
oo
diverges, then Z an is conditionally convergent.
n=0

Exercise 2.6.4. Determine for which values of p the series below is absolutely convergent and those for
which it is conditionally convergent.
oo
>
npbP

n=1
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Exercise 2.6.5. Determine the values of x for which the series below are absolutely convergent. A good
tool to use is the Ratio Test.

Ohy
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03

_1)77,1,277.

n=0

oo

GHIR

n=0

@®O

(2n)!

_1)nx2n+1

(2n+1)!
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2.7 Taylor Polynomials

Recall that a polynomial centered at a is one of the form

for coefficients cy,.
Exercise 2.7.1. Consider the polynomial p(z) =1—x + z2.
(a) What is the center of this polynomial?

(b) Find coefficients by, by, by so that p(x) = by + by (2 — 1) + ba(x — 1)2. That is, recenter the polynomial
at 1.

(¢) Recenter p(z) at —3.
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We want an efficient way to recenter a polynomial.

Exercise 2.7.2. Suppose p(z) = co + c1(z —a) + co(x — a)’> + cs(x — a)® + ca(z —a)* + - -+ ca(z — ).

(a) Compute p(a). (j) Compute p® (z).

(b) Compute p'(z). (k) Compute p®® (a).

/
(c) Compute p'(a). (1) Determine ¢ in terms of p(a).

d) Compute p”(z).
(@) pute p"() (m) Determine c; in terms of p’(a).

(e) Compute p”(a).
(n) Determine ¢y in terms of p”(a).

(f) Compute p® ().
(0) Determine ¢z in terms of p® (a).

(g) Compute p(3)(a).
(p) Determine c4 in terms of p® (a).

(h) Compute p¥(z).

(q) Determine ¢5 in terms of p® (a).
(i) Compute p® (a).

(r) Determine ¢, in terms of p(™ (a) where n is any
positive integer.
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Exercise 2.7.3. Check that at the end of the previous exercise you got

_ ™ (a)
Cp =
n!
d
Hence, if p(z) = Z cx(z — a)¥, then you can determine the coefficients by taking derivatives.
k=0

Exercise 2.7.4. Let p(x) = z°.

(a) Recenter p at 1 by using the shortcut method involving derivatives.

(b) Recenter p at —2.
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Given a function f, we want to approximate f at a with a polynomial function centered at a. Using
our previous work as inspiration, we make the following definition:

Definition 2.7.5. Let f be n-times differentiable at a. i.e., f* (a) exists for k = 0,1,...,n. Then the
nth-order Taylor polynomial of f centered at a is the polynomial

"R (g
T}‘(x;a)—zf ()(zfa)k

- !
k=0

The hope is that for values of z near a, Tf (z;a) = f(z).
Exercise 2.7.6. Let f(z) = exp(z).

(a) Compute T})(x; 0), T}(a:; 0), Tf(x; 0), ..., Tf(x; 0). Generalize to T} (z;0)

(b) Compute TJ’? (0.2;0) for k =0,1,...,5 and compare with a numerical approximation for exp(0.2) pro-
vided by a calculator or some other computer. Do the approximations seem to be getting better?
Explain.
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Exercise 2.7.7. Repeat the previous problem with g(z) = sin(x).
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2.8 Taylor Series

Recall that the Taylor series for f centered at a is the series
> f£(n)
Z f '(a) (Z‘ _ a)n
= ol

and that we are hoping for two things: first that the series converges (at least for values of x near a), and
second that when the series does converge, it converges to f(z). We have a couple of tools to help us with
this. The first is Taylor’s theorem.

Theorem (Taylor-Lagrange). Suppose f has derivatives of all orders on an open interval I around a. Then

(n+1)
for all z in I there is a c in I between x and a so that the Taylor remainder R’ (x;a) = m(x —a)" .
n !
In particular, the Taylor error is E%(z;a) = M(w —a)"!
P ’ Y PR i+ 1))

Exercise 2.8.1. Let f(z) = cos(z).

(a) Compute the 5th order Taylor polynomial approximation for f(z) = cos(z) centered at 0.

(b) Apply the Taylor-Lagrange Theorem to determine EY¥ (x; 0). You should have an expression involving
an unknown c.

(¢) Determine a reasonable upper bound for this error. (Hint: What is the largest possible value that
| cos(c)| or |sin(c)| could take?)
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Two other useful observations are the following:
e If |z| < 1, then lim |z| =0.
n—oo
e If x is any fixed real number, then lim I—' =0.
n—oo nl

Exercise 2.8.2. Compute lim E¥(x;0) where f(z) = cos(z).
n—oo

The following theorem tells us that the Taylor error is exactly what we need to consider if we want to
know if a function is represented by its Taylor series.

Theorem. A function f is represented by its Taylor series centered at a on an interval I if and only if

lim E%(x;a) =0 for all z in that interval. In this case we have
n—oo f

Exercise 2.8.3. For what values of z is f(z) = cos(z) equal to its Taylor series centered at 07 Write out
this series.

SID]E) 60



Exercise 2.8.4. Repeat the above for g(z) = sin(z).
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Exercise 2.8.5. Consider the function h(x) = exp(x).

(a) Compute the Taylor series for h centered at 0.

(b) Compute E}(x;0). Again, you should have an expression involving an unknown c.

(¢) Recall that this ¢ is between z and 0.

(d) If x < 0, which is bigger: 1, exp(z), or exp(c)?

(e) If x > 0, which is bigger: 1, exp(x), or exp(c)?

(f) Compute lim FE}'(z;0).
n—oo

(g) For what values of x is exp(x) equal to its Taylor series?
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1
Exercise 2.8.6. Repeat the previous process for f(x) = 1 centered at 0.
x

SIDE) 63



2.9 Differentiation and Anti-differentiation of Power Series

One cool thing about power series is that if we have a function f and represent it by a power series, then
we can also represent f’, the derivative of f, as a power series. Even better, we can use what we know
about the power series for f to obtain the power series for f’. So, if we have

(oo}

fl@) =) cnlz—a)"

n=0

we can differentiate “term by term” to get
oo
fl(x) = Z nep(z —a)™ !
n=0

and the radius of convergence for the series for f and f’ are the same.

1

Exercise 2.9.1. Let f(z) = T .
-z

(a) Compute f'(z).

(b) Write down the Taylor series for f centered at 0. (This is one you should know. So if you don’t, look
it up.)

(c) Determine a power series representation for f’(x).
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One thing to notice is that if

then

fl(z) = Z nep(r —a)" !
n=0

but the exponent on (x — a) in this expression is n — 1. We would rather it be n instead. With the right
re-indexing, this can be fixed.

Exercise 2.9.2. Consider the series f'(z) = Z ne(z —a)™ L.
n=0

(a) Let m =n — 1. Solve for n.

(b) Replace all n’s in the series above with what you just found.

(¢) Now take your series with m’s and replace all the m’s with n’s. (We can do this, because the m and n
are just dummy variables. They could just as well be k’s or £’s or 4’s or j’s.)

(d) Notice your new series starts at n = —1. Explain why we can start at n = 0 instead and not change
the value of the series.
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Exercise 2.9.3. Let f(z) =

1422

(a) Determine the Taylor series for f centered at 0 by making a substitution for the one for T
—x

(b) Determine f’(x) and a power series for f’.
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We can do the same trick with series for anti-derivatives. That is, if

oo

f@) =) cale—a)

n=0

then

/f(x)dsz’—i—Z n (x —a)"*!
n=0

— n+1

where C is our old friend the constant of integration. Notice that now we have n + 1 as an exponent. We
don’t like that.

n+1

so that the exponent on

Exercise 2.9.4. (a) Reindex the series /f(m) de = C + Z le(x —a)
n=0

n
(x —a) is n.

(b) Notice that your new series begins at n = 1. Why is that?
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Exercise 2.9.5. Let f(x) = arctan(z).

(a) Compute f'(z).

(b) Determine a power series for f’(x). (Hint: You already did this.)

(c) Use your series for f to get a series for f.

(d) Determine the appropriate value for C.
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Exercise 2.9.6. Determine a power series for f(x) = In(1 4 z).

Exercise 2.9.7. Determine a power series for f(z) = x cos(z) + sin(z).
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2.10 Riemann Sums

Recall that the definite integral of f on [a,b] is

b n
/ flz) de = nh_}rr;o Z fz)Az
a i=1

where Ax = and x; = a + iAx for ¢ = 1,...,n. This definite integral represents the area under the

n
curve f from a to b.

Exercise 2.10.1. Let f(z) =2+ 1 and [a,b] = [-1,2].

2
(a) Make a sketch which indicates what / f(z) dz represents.
-1

(b) Determine Ax.

(¢) Determine ;.

(d) Determine the Riemann sum Z f(z;)Az. Simplify it.
i=1
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n n
1
(e) If you didn’t already, make use of the fact that E i= n{n+1) and that E 1 = n to further simplify

i=1 i=1
your Riemann sum.

(f) Compute nll_)IIOlto(JJZ)AZ‘

i=1

2
() Compute/ z+1dz.

-1

(h) Compare your result with your sketch. Does it make sense?
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Exercise 2.10.2. Repeat the previous exercise for the function g(z) = z* on the interval [0,2]. That is,

2 n
1)(2 1
compute / z? dz. You may need to make use of the fact that E i? = nin + )6( nt )
0 i=1

2

Exercise 2.10.3. Compute / 22 da. (Hint: Draw a picture and use your result above.
-2
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1

Exercise 2.10.4. (a) Compute/ z? — 1 dux.
~1

(b) Is your result positive or negative?

(¢c) Why does this make sense?
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3
Exercise 2.10.5. Suppose f(z) dx = 0. Describe what this means in terms of area under f from 0 to

0
3. Draw some pictures to illustrate the possibilities.

b
Exercise 2.10.6. Determine all values for b so that / 1 — 322 dz = 0. Sketch a picture to explain each
0

case.
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2.11 One Tricky Definite Integral

™
Here you will compute / sin(z) dz using the definition of the Riemann integral.
0

Exercise 2.11.1. Consider/ sin(x) dx.
0

(a) Check that in this case x; = iAz. (For what we are doing, we want everything in terms of Az.)

(b) Write the Riemann sum Z sin(z;)Az.

i=1

The rest of the work will be to massage this Riemann sum to the point where we can take a limit to
evaluate the definite integral.

(c) Write down the sum of angles formula for the cosine function. (Look this up if you have to.)
cos(A+ B) =

(d) Write down the difference of angles formula for the cosine function. (Look this up if you have to.)
cos(A— B) =

(e) Use the above to simplify cos(A — B) — cos(A + B).
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(f) Replace A — B with a and A + B with b and simplify.

—b
(g) Check that you have cos(b) — cos(a) = 2sin (a—;—b) sin <a >

2i+1 21 -1
(h) Plug inaz%Am and b= 2.

Az and simplify.

(i) You should have an equation involving sin(iAzx). Solve your equation for this term.
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n
(j) Use your last result to rewrite the Riemann sum under investigation: Z sin(z;)Az.
i=1

(k) Factor out all terms which do not contain ¢. You should be left with a difference of two cosine terms in
the summation.

(1) Evaluate that sum. (Hint: It is a telescoping sum. Write out some of the terms to see this. The whole
point of all of the previous work was to get our sum to look like a telescoping sum.)

(m) Recall that /0 sin(x) dx = nlgréo Z sin(z;)Az.

=1
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(n) If n — oo, what happens to Az?

™
(o) Express / sin(z) dz as a limit involving Az. That is, replace lim with lim for the appropriate
0

n—oo Azx—c
value of c.

(p) Evaluate the limit.

(q) What is/ sin(z) da?
0

(r) Draw a picture illustrating what this definite integral represents.
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2.12 The Fundamental Theorem of Calculus, Part 1

Theorem (FTC1). Suppose f is continuous on an interval containing a. Then

= " f) dt = f()

on that interval.

Exercise 2.12.1. Compute the following.

i [,
(a) %/O £ tr3di

d [* exp(s)
— —d
(C) dZC / 17 4284 + 82 + 1 5

d [
() E/0 10| do
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Exercise 2.12.2. Compute the following:

2

d xT
— t? —t + 3 dt (Hint: Chain Rule)
dz J,

j/y sin(z) dx

d [* exp(s)

7S X e § ds (Hint: Separate into two integrals first.)
- x

d r
a 6] 6
dr sin(r)
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Some Special Functions
Exercise 2.12.3. Let f be the function defined below.
sin(z) .
ifx#0
fle)=9q = #
1 ifx=0

(a) Show f is continuous at 0.

(b) Is f integrable on R? Explain.

(c) Define Si to be the function below.

This is the sine integral function. Compute Si’(z).

(d) Let g(z) = 22 Si(z). Compute ¢'(z).

(e) Let h(z) = Si(z?). Compute h'(z).
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(f) Determine (or just recall) the Taylor series for sin(x) centered at 0 and its radius and interval of
convergence.

S x
(g) Determine the Taylor series for ) centered at 0 and its radius and interval of convergence.

(h) Determine the Taylor series for Si(x) centered at 0 and its radius and interval of convergence.
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Exercise 2.12.4. Let erf, the so-called error function, be defined as below:
2 (7 9
erf(z) = —/ exp(—t<) dt
VT Jo

(a) Compute erf’(z).

(b) Let g(z) = 2 exf(2). Compute ¢'(z).

(¢) Let h(z) = erf(2?). Compute h/(z).
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(d) Determine (or just recall) the Taylor series for exp(z) centered at 0 and its radius and interval of
convergence.

2
(e) Determine the Taylor series for —= exp(—z?) centered at 0 and its radius and interval of convergence.

NG

(f) Determine the Taylor series for erf(x) centered at 0 and its radius and interval of convergence.
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2.13 Logarithms

1
We computed (a long time ago) that /f dx = In|z| + C. When we did this, we made use of the fact
x

that we defined the natural log function In to be the inverse function to the exponential function exp. One
alternative way to define the natural logarithm is by using integrals.
Let’s explore this setup now. Define In to be the function defined on (0, c0) by

1
In(x) = / —dt
1 t

Exercise 2.13.1. Use the definition of In above to compute In(1).

Exercise 2.13.2. Is In differentiable? Explain.

Exercise 2.13.3. Is In continuous? Explain.

Exercise 2.13.4. Use a graph to explain why In is an increasing function.
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Exercise 2.13.5. Compute lim In(z) as follows.
Tr—r00

1
(a) Sketch a graph of y = —.
x

1
(b) Which is bigger: 3 or In(2)? Determine this by looking at your graph and considering areas.

1 1
(c) Which is bigger: 3 + 3 Or In(3)? Determine this by looking at your graph and considering areas.

11 1 1
ey 1 11 o
(d) Which is bigger: 5 + 3 + 1 + g O In(5)7

n
1
(e) Which is bigger: Z S or In(n)?

=2

n

1
(f) Compute 1i_>m In(n) by comparing with what you know about lim Z .
=2

n—00 4 7
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Exercise 2.13.6. Compute 111251+ In(z) using your work above and some geometry.
T—

Exercise 2.13.7. From what you have done in the past few exercises, what is the range of In?

Exercise 2.13.8. Let z and a be real numbers. You will show that In(az) = In(a) + In(x).

d
(a) Compute s In(az) from the definition of In. (Recall that a is a constant.)
x

d
(b) Compute . (In(a) + In(x)) from the definition of In. (Recall that a is a constant.)
x

(¢) Check that you have the same thing in each case.
(d) What does this tell you about the relationship between In(ax) and In(a) + In(z)?

(e) Determine the constant.
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Exercise 2.13.9. Use a similar technique to show that In(z%) = aln(z).

Exercise 2.13.10. Consider the equation In(z) = 1.

(a) Based on the work in the above exercises, does the equation have a solution? Explain.

(b) How many solutions does the equation have? Explain.

(¢) This unique solution gets a special name: e. That is, e is the unique real number such that In(e) = 1.
Write this defining equation for e as an integral.
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Exponentials

Exercise 2.13.11. Is In invertible? Explain.

Exercise 2.13.12. Let exp be the inverse function to In.

(a) Determine the domain and range of exp.

d
(b) Compute . exp(z) as follows:
x

(i) Let y = exp(x). Solve for z.

(ii) Take the derivative of the equation you just found using implicit differentiation.

(iii) Solve for y" and replace y with exp(z).
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Some Definite Integrals

Exercise 2.13.13. Compute these.

(a) /O ' exple) d.

(b) /1 “In(z) dz.

/4
(c) /0 tan(z) dx
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(d) /_ 11 zexp(z?) dr.

(1) /1 " n(z) dx
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2.14 Improper Integrals

b
Recall that an integral f(z) dz is improper if either f is unbounded on the interval (a,b) or either a

a
or b is +o0o. Improper integrals need to be resolved by computing limits. If all of the appropriate limits
converge, then the improper integral converges. Otherwise, the improper integral diverges.

2

1

Exercise 2.14.1. Consider/ — d.
0o T

(a) This integral is improper. Why?

(b) What limit needs to be computed to decide if this integral converges or diverges?

(¢) Compute that limit.

2
1

(d) What is/ — da?
o T
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1
1
Exercise 2.14.2. Consider/ — dzx.

-1 I2

(a) This integral is improper. Why?

(b) What limits need to be computed to decide if this integral converges or diverges? (There are two of
them.)

(¢) Compute those limits.

1
1
(d) What is/ — dx?

1
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2
Exercise 2.14.3. Determine whether or not / P dx converges or diverges. If it converges, determine
o T°—

what it converges to. (A partial fraction decomposition may be helpful.)

o0
Exercise 2.14.4. Determine whether or not / dx converges or diverges. If it converges, determine
2

22 —
what it converges to. (A partial fraction decomposition may be helpful.)
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0

Exercise 2.14.5. (a) Determine whether or not / exp(z) dx converges or diverges. If it converges,
— 00
determine what it converges to.

1
(b) Determine whether or not / In(z) dx converges or diverges. If it converges, determine what it con-
0

verges to.

(¢c) Why are the previous two integrals opposite? (Hint: Look at a graph.)
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Exercise 2.14.6. The function I'(n) = / exp(—z)z" ! dz is called the gamma function.
0

(a) Compute I'(1), I'(2), and I'(3).

(b) Show that I'(n 4+ 1) = nI'(n) for all n.

(c) Use the last part to compute I'(n) for n = 1,2, ..., 10.
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Some Review

Exercise 2.14.7. Choose an integer n between 1 and 16. Make sure your choice is different from the one
your neighbors pick. Write your choice below.

n =

Exercise 2.14.8. Choose an odd integer m between 1 and 9. Write your choice below.

m =

Exercise 2.14.9. Write out the numbers n + km for integer values of k = 0,...,15. That is, write out n,
n+m, n+ 2m, n + 3m, etc.

Exercise 2.14.10. For each of your numbers above, if it is greater than 16, subtract 16 from it until it is
less than or equal to 16. For example, if you have 47, then subtract 16 to get 31, and subtract 16 again to
get 15.

Write your new list of numbers below.

Exercise 2.14.11. For each number on your list, create an example exercise which measures the learning
outcome below with that number. Proceed in order in your list.

1. State the definition of infinite series, infinite sums, and partial sums, and compute partial sums of a
series.

State the definition of convergent and divergent series.
Compute the sum of convergent telescoping series.
State and apply the divergence test for series.

State and apply algebraic properties of convergent series.

A T

State and apply the p-series test, the comparison test, the limit comparison test, the integral test, the
ratio test, and the root test.

7. State the definitions of conditionally and absolutely convergent series and apply appropriate tests to
determine if a series is conditionally or absolutely convergent.

8. Determine Taylor polynomials and Taylor series for elementary functions and their derivatives and
anti-derivatives.

9. Estimate the error in approximating a function by it’s Taylor polynomial.
10. Determine the radius and interval of convergence for a power series.
11. State the definition of a Riemann sum and use it to approximate area under a curve.

12. State the definition of a definite integral and compute values of definite integrals using sequence and
series techniques.

13. State and apply algebraic properties of definite integrals.
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14. State and apply the mean value theorem for integrals.
15. State the Fundamental Theorem of Calculus and use it to compute definite integrals.

16. Compute improper integrals.
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2.15 Volumes

Exercise 2.15.1. Let R be the region in the first quadrant bounded by the curve y = 22, the y-axis, and
the line y = 1.

(a) Sketch the region R.

(b) Sketch the solid obtained by rotating R around the y-axis.

(c) Slice the solid into discs and determine the volume dV of a typical disc. Draw this disc.

(d) Determine the volume V of the object.
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Exercise 2.15.2. Repeat the previous exercise for the same region, but revolved around the specified axis.

(a) The z-axis.

(b) The line z = 1.
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(¢) The line y = 1.

(d) The line y = 2.
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Exercise 2.15.3. Let R be the region in the first quadrant between the curves y = = and y = x°. Determine
the volume of the solid obtained by revolving R about the specified axis.

(a) The line y = 1.

(b) The line z = 1.
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(c¢) The line y = .
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(d) The line y = = + 1.
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2.16 Polar Coordinates

Recall that a point in R? with Cartesian coordinates (x,y) can be described with polar coordinates (r,8)
where
x = rcos()

y = rsin(0)
22 412 =12
arctan(y/z) ifz>0

arctan(y/z) +7 ifz <0and y >0
arctan(y/xz) — 7 if x <0and y <0

9 —
/2 ifzr=0andy>0
—m/2 ifz=0andy<0
0 ifr=0andy=0

Exercise 2.16.1. Convert the Cartesian coordinates below to polar coordinates.

(a) (0,4)
(b) (1,1)
() (=2,v2)
(d) (—4,-4)
(e) (0,-3)
(f) 2,-2)

Exercise 2.16.2. Convert the polar coordinates below to Cartesian coordinates.

(a) (1,0)
(b) (3,m/4)
(c) (6,7/2)
(d) (2,57/6)
(e) (0,m)
(f) (3,77m/4)
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Exercise 2.16.3. Sketch the regions in the plane described by the inequalities below.

(a) r<3

(b) r>2and 7 <6 < 3m/2

(d) 0 <0< 7/4and 0 <r <sec(d).

SIDE) 107



Exercise 2.16.4. Sketch a graph of the polar equation r = cos(nf) for n = 0,1,2,3,4,5,6. Conjecture
about the shape of the graph for a general positive integer n.
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Exercise 2.16.5. For finding areas enclosed by polar curves, we will need to recall the area of a sector of
a circle. Recall a sector of a circle is the region inside a circle bounded between two radii separate by an
angle 6.

(a) Sketch a sector of a circle or radius r with angle 6.

(b) Determine the area of a sector of radius r and angle 7.

(¢) Determine the area of a sector of radius r and angle /2.

(d) Determine the area of a sector of radius r and angle /3.

(e) Determine the area of a sector of radius r and angle 7 /4.

(f) Determine the area of a sector of radius r and angle 6.
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Geometry

Exercise 2.16.6. For each problem below, do the following:
(i
(ii

Sketch the curve on the given domain.

Set up an integral which represents the length of the curve on that domain.
(iii) Sketch the region R under the curve on that domain.
(v

(vi

Sketch the solid region M obtained by rotating R about the specified axis.

)
)
)
(iv) Set up an integral which represents the area of the region R.
)
) Set up an integral which represents the volume of the solid region M.
)

(vil) Set up an integral which represents the surface area of M.

(a) y = 2% [1,3], the z-axis.
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(b) y =exp(x), [-1,1], the line z = 1.
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(c) y= VI +1, [—1,0], the y-axis.
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(d) y =In(x), [1,e], the line y = 1.
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(e) y = cos(x), [-7/2,7/2], the z-axis.
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(f) y=1—2° [-1,1], the line y = 2.
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Review: Sequences, Sums, Series

Exercise 2.16.7. Determine the values of each of the expressions below.

700

@) > 3
n=1

100

n=1

345

n=1

123

n=1

42
(e) Z4n2 —3n+5
n=1
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Exercise 2.16.8. Determine the limits below. If they diverge, explain why.

o 4An?—3n+7T
(a) lim ——————
n—oo 3 — 2n? 4 3n

(b) lim vntl—yn

n—00 n

©) B

(@ Tim SR

n—oo n700
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(e) lim In(x)

z—0t

(f) lim In(x)

T—r00
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Exercise 2.16.9. Determine whether or not the series below converge. Explain.
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Review: Taylor Series

Exercise 2.16.10. Determine the Taylor series for each of the functions with the specified center.

(a) exp(x), 0

(b) sin(z), 0

(c) cos(z), 0
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(d) exp(z?), 0

(e) /exp(xQ) dz, 0
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(i) arctan(z), 0

() /arctan(m) dz, 0
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(m) exp(z), 1

(n) sin(z), m/2

(o) sin(x), 7/4
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(p) arcsin(zx), 0

(q) arccos(x), 0
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